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1. Introduction: Maxwell's Equations and Plane Waves

In what follows, we will consider the electrodynamic interaction of fluorescing mole-
cules with an inhomogeneous environment. Although the absorption and emission of
light is a thoroughly quantum-mechanical process, many aspects of this interaction can
be studied within the so called semi-classical framework, which is based on Maxwell’s
electrodynamics. The core idea of this semi-classical approach isto handle the mole-
cule asaclassical oscillating eectric dipole, which is an excellent approximation for
most molecules of practical interest (corresponding to the fact the most electronic
transitions involved in fluorescence are dipole transitions). All calculations of light ab-
sorption and emission are calculated by solving Maxwell’ s equations for the el ectro-
magnetic field in the presence of such adipole. The term “semi” refers to the fact that
the results of these calculations are then interpreted from a quantum-mechanical point

of view.

Thus, from atechnical point of view, what we have do deal with are Maxwell’ s equa-

tions, which read (in cgs units, which will be used throughout this tutorial)
div (eE) = 4pr
divB=0

rotE =- 118

c
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where E and B are the electric and magnetic field, r and j are the electric charge and

current density, e and mare the dielectric susceptibility and magnetic permeability of
the medium, and ¢ is the speed of light. For asingular dipole at the center of the co-

ordinate system r =0 and oscillating with frequency w, one has
r =0 and j=-iwpd(r)exp(- iwr),

with d(r) Dirac’s delta function in three dimensions, and p the dipole amplitude vec-

tor. However, before we consider in detail the solution of Maxwell’s equations for the

dipole, we first consider their solutions for a source-free medium (no free charges and
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currents), which are plane electromagnetic waves, and study the interaction of these
plane waves with a planar discontinuity of the dielectric susceptibility of the medium.
With other words, we study the interaction of plane electromagnetic waves with an
interface. The results of these studies will be of fundamental importance for the subse-

guent considerations of the oscillating dipole and its interaction with such an interface.

We seek the solution for the el ectromagnetic field within a source-free medium in the

form of plane waves, E,B [ exp(ik x - iwt), where k and w are the wave vector and

oscillation frequency of the waves. For simplicity, we will always consider media with
unity magnetic permeability, m=1, which isin excellent approximation for most mate-
rials of practical interest. By direct insertion into Maxwell’ s equations a presented

above, we find the relations

diveE =iek X =0

divB =k B
rotE=ik’ E=- - 1B _Wg
ct ¢
rotB:[k' B:EE:_ ENE
c It c

These relations show, first at al, that E, B, and k are mutually orthogonal one to
another. Next, applying the rotor a second time to the third equation and using the first
and last equation leads to

. W ew?
rotrotE=-k* (k" E)=k’E="rotB=—FE
C C

thus defining the amplitude of the wave vector as [K|© & =+/ew/c® nw/c (whichis
also called the dispersion relation), and relating the amplitude of the electric and mag-

netic field |B| = n|E|. Here, the so called index of refraction n = Je wasintroduced.

Thus, plane waves are indeed solutions of Maxwell’ s equations, as long as the relations

E~"B,E*k, BNk, [B|=nE| and k =nw/c hold. Asfree variables we still have

the electric field amplitude, E, the oscillation frequency w, and the propagation direc-
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tion given by the unit vector k =k/|k| (throughout the tutorial, we will use a hat for

symbolizing unit vectors).

An important point is that the found plane wave solutions form a complete set of solu-
tions: any solution of the electromagnetic field within a source-free homogeneous
(e=const.) medium can be represented by a superposition of these plane waves. In
subsequent chapters, we will learn of aternative complete systems of solutions that are
more adapted to problems with cylindrical or spherical symmetry. The plane wave so-
[utions, however, are perfect when studying problems involving only planar parallel
interfaces, and the simplest problem that we will consider next is the interaction of a

plane wave with a planar interface.
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PJ 2: 1een, /W ]/ J J+1/nj+1 ) J+1/n1+1 ﬁp J+1
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where the short-hand notation w® w,, /w, and n° n,,, /n, isintroduced.

Consider the specid case of a plane wave incident from the j-side. Then, there will be

no E;,, component, but areflected E; and atransmitted £7,, component. We thus
find

pjgzlaaw/n+n -w/n+n(ﬁp]+1
éEp]g -w/n+n w/n+n & 0 p

and for the electric field amplitudein ; +1:

2E" . 2n.n. . w.E"

+ pJ —AF Jjtl J P.J

o>
+

) ) e .
p.jtl p.Jj+l p.Jj+l
w/n+n W, tn,  w

j+1q - qZ
n

with & aunit vector along E?

» i+, Where q,z denote unit vectors

2 ]+1
j+l

along q and perpendicular to the boundary, respectively. Finally, the spatial field

dependence is given by the exponentia term exp(z'q i+ iw j+1z) where z isthe coordi-

nate perpendicular to the boundary, and r the two-dimensional coordinate vector

within the boundary plane. An important special caseiswhen w,,, becomesimaginary,

leading toe an evanescent wave on the j+1-side. This happens if
2 _ .2 2 _ 2 ( 2 2)< 0
Win=H~-q —Nin-\n; - W, J
which shows that a condition for the emergence of an evanescent waveis n,,, <n;.
The angle of incidence for which w; = /n] is called the critical angle, where

total reflection starts and evanescent waves emerge.

The reflection and transmission coefficients are defined as
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E E' .
R=—2L and T =2
E* E’
P pPiJ
S0 that we obtain:
2
- 2
R=""Tadr=—""—.
n-+w n-+w

Animportant peculiarity of total internal reflection isthe occurrence of a phase jump

between incident and reflected wave, which can be seen by writing the electric field

components £, . as (see matrix equation for the boundary conditions above)

laav O
+ Jr+
Ep] ——(‘:—+nTEpJ+1
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Ep,j :EQ- —+n Ep Jj+l
e n (%]

If w,,, ispurely imaginary, the factor in the brackets adds an additional phase f* to

the £ . components, with

+

exp(z'f -)u + ¥y

n
or
Img_w+n9 £lm
tanf * = " ',Z,' — ZW,
REE el "
e n g
so that
. Imw g mw m
Df =f - f* =arctangz — -2 & 9—-2arctan8é vo
@ én’ g n? g

Very similar considerations hold for s-waves. Because all electric field vectors are now
paralld to the interfaces, one uses a second boundary condition involving the continu-

ity of the parallel component of the magnetic field across boundaries. For a plane wave
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with electric field vector E, ; paralel to the boundary, the parallel component of the

magnetic field isgiven by q x(ﬁj ’ Ew,): w;E . Thus, the boundary conditions read:

S == s ]+1
J - W éESJ ﬂ WJ+1 B WJ+1gEs ]+1g

so that, with

onefinds

:nglé ]/W %1 1 w:JHG
éESJﬂ ]/W gwﬁl B W]+1éES,]+1ﬂ

1ad+w 1- wo“aeE”+1
2§1-w 1+ wgE:

s]+lﬂ

The reflection and transmission coefficients at asingle interface (;, j +1) now are

- 2
R=1 WandT:—,
1+w 1+w

and the phase jump under total reflection is Df = - 2arctan(Imw) , and we again em-

ployed the short-hand notation w° w.,,/w, and n° n,, /n, .



