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1. Introduction: Maxwell's Equations and Plane Waves 

In what follows, we will consider the electrodynamic interaction of fluorescing mole-

cules with an inhomogeneous environment. Although the absorption and emission of 

light is a thoroughly quantum-mechanical process, many aspects of this interaction can 

be studied within the so called semi-classical framework, which is based on Maxwell’s 

electrodynamics. The core idea of this semi-classical approach is to handle the mole-

cule as a classical oscillating electric dipole, which is an excellent approximation for 

most molecules of practical interest (corresponding to the fact the most electronic 

transitions involved in fluorescence are dipole transitions). All calculations of light ab-

sorption and emission are calculated by solving Maxwell’s equations for the electro-

magnetic field in the presence of such a dipole. The term “semi” refers to the fact that 

the results of these calculations are then interpreted from a quantum-mechanical point 

of view. 

Thus, from a technical point of view, what we have do deal with are Maxwell’s equa-

tions, which read (in cgs units, which will be used throughout this tutorial)  
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where E  and B  are the electric and magnetic field, r and j  are the electric charge and 

current density, ε and µ are the dielectric susceptibility and magnetic permeability of 

the medium, and c is the speed of light. For a singular dipole at the center of the co-

ordinate system 0=r  and oscillating with frequency ω, one has  

0=ρ  and ( ) ( )tii ω−δω−= exprpj , 

with ( )rδ  Dirac’s delta function in three dimensions, and p  the dipole amplitude vec-

tor. However, before we consider in detail the solution of Maxwell’s equations for the 

dipole, we first consider their solutions for a source-free medium (no free charges and 
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currents), which are plane electromagnetic waves, and study the interaction of these 

plane waves with a planar discontinuity of the dielectric susceptibility of the medium. 

With other words, we study the interaction of plane electromagnetic waves with an 

interface. The results of these studies will be of fundamental importance for the subse-

quent considerations of the oscillating dipole and its interaction with such an interface. 

We seek the solution for the electromagnetic field within a source-free medium in the 

form of plane waves, ( )tii ω−⋅∝ rkBE exp, , where k  and ω are the wave vector and 

oscillation frequency of the waves. For simplicity, we will always consider media with 

unity magnetic permeability, 1=µ , which is in excellent approximation for most mate-

rials of practical interest. By direct insertion into Maxwell’s equations a presented 

above, we find the relations 
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These relations show, first at all, that E , B , and k  are mutually orthogonal one to 

another. Next, applying the rotor a second time to the third equation and using the first 

and last equation leads to 

( ) EBrotEEkkErotrot
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thus defining the amplitude of the wave vector as cnck ω≡ωε=≡k  (which is 

also called the dispersion relation), and relating the amplitude of the electric and mag-

netic field EB n= . Here, the so called index of refraction ε=n  was introduced. 

Thus, plane waves are indeed solutions of Maxwell’s equations, as long as the relations 

BE ⊥ , kE ⊥ , kB ⊥ , EB n=  and cnk ω=  hold. As free variables we still have 

the electric field amplitude, E, the oscillation frequency ω, and the propagation direc-
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tion given by the unit vector kkk =ˆ  (throughout the tutorial, we will use a hat for 

symbolizing unit vectors).  

An important point is that the found plane wave solutions form a complete set of solu-

tions: any solution of the electromagnetic field within a source-free homogeneous 

( const.=ε ) medium can be represented by a superposition of these plane waves. In 

subsequent chapters, we will learn of alternative complete systems of solutions that are 

more adapted to problems with cylindrical or spherical symmetry. The plane wave so-

lutions, however, are perfect when studying problems involving only planar parallel 

interfaces, and the simplest problem that we will consider next is the interaction of a 

plane wave with a planar interface. 
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where the short-hand notation jj www 1+≡  and jj nnn 1+≡  is introduced. 

 

Consider the special case of a plane wave incident from the j-side. Then, there will be 

no −
+1jE  component, but a reflected −

jE  and a transmitted +
+1jE  component. We thus 

find 
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and for the electric field amplitude in 1+j : 
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+1, jpE , where zq ˆ,ˆ  denote unit vectors 

along q and perpendicular to the boundary, respectively. Finally, the spatial field 

dependence is given by the exponential term ( )ziwi j 1exp ++⋅ñq  where z  is the coordi-

nate perpendicular to the boundary, and ρρ the two-dimensional coordinate vector 

within the boundary plane. An important special case is when 1+jw  becomes imaginary, 

leading toe an evanescent wave on the j+1-side. This happens if 

( ) 0222
1

22
1

2
1 <−−=−= +++ jjjjj wnnqnw , 

which shows that a condition for the emergence of an evanescent wave is jj nn <+1 . 

The angle of incidence for which 22
1 jjj nnw −= +  is called the critical angle, where 

total reflection starts and evanescent waves emerge.  

The reflection and transmission coefficients are defined as  
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An important peculiarity of total internal reflection is the occurrence of a phase jump 

between incident and reflected wave, which can be seen by writing the electric field 

components ±
jpE ,  as (see matrix equation for the boundary conditions above) 
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If 1+jw  is purely imaginary, the factor in the brackets adds an additional phase ±φ  to 

the ±
jpE ,  components, with 
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Very similar considerations hold for s-waves. Because all electric field vectors are now 

parallel to the interfaces, one uses a second boundary condition involving the continu-

ity of the parallel component of the magnetic field across boundaries. For a plane wave 
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with electric field vector js,E  parallel to the boundary, the parallel component of the 

magnetic field is given by ( ) jsjjsj Ew ,,
ˆˆ =×⋅ Ekq . Thus, the boundary conditions read: 
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The reflection and transmission coefficients at a single interface ( )1, +jj  now are 
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and the phase jump under total reflection is ( )∆φ = −2 arctan Im w , and we again em-

ployed the short-hand notation jj www 1+≡  and jj nnn 1+≡ . 

 


